On edge dislocation in a multilayered laminate  by Wang, Xu
THEORETICAL & APPLIED MECHANICS LETTERS 2, 021005 (2011)
On edge dislocation in a multilayered laminate
Xu Wanga)
School of Mechanical and Power Engineering, East China University of Science and Technology, Shanghai 200237,
China
(Received 15 November 2010; accepted 26 January 2011; published online 10 March 2011)
Abstract We investigate the elastic ﬁeld induced by an edge dislocation in a multilayered laminated
composite composed of (N−2) thin bonded elastic layers sandwiched between two semi-inﬁnite elastic
media. A simple closed-form solution is obtained when all the phases have equal shear modulus but
diﬀerent Poisson’s ratios, and when the dislocation is located in the upper semi-inﬁnite phase. The
image force acting on the dislocation due to its interaction with the multilayered structure is also de-
rived. Several speciﬁc examples are discussed in detail to illustrate the mobility of the edge dislocation.
Some interesting behaviors of the dislocation are observed. Our results indicate that it is possible to
ﬁnd at most (N−2) equilibrium positions for the edge dislocation in an N -phase composite structure.
c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1102105]
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The Green’s function solutions to line dislocations
are important in the sense that they can be used as
kernel functions of singular integral equations to study
the crack problems1 and that they can be adopted to
study the mobility of the dislocations.2 Through the
method of analytical continuation, Suo3,4 observed that
the Green’s function solutions for a bimaterial can be
simply obtained from the solutions for an inﬁnite ho-
mogeneous plane. It seems that the Green’s function
solutions for multilayered laminates are diﬃcult or im-
possible to derive due to the presence of multiple inter-
faces in these composite structures.
In this paper it is observed that the two-dimensional
Green’s function for a multilayered laminate, in which
all the phases have equal shear modulus but diﬀerent
Poisson’s ratios, subjected to an edge dislocation can
be simply constructed from the known Green’s function
for an inﬁnite homogeneous plane. This work is orga-
nized as follows. A full-ﬁeld closed-form solution for a
multilayered laminate subjected to an edge dislocation
is derived through analytical continuation. The image
force acting on the dislocation is obtained and several
speciﬁc examples (a three-phase laminate, a four-phase
laminate and a laminate with a graded interphase layer)
are discussed in detail to illustrate the mobility of the
dislocation in the multilayered structure. And ﬁnally
conclusions are drawn.
For plane deformations of an isotropic elastic mate-
rial, in-plane displacements u and v, resultant forces X
and Y , and in-plane stresses σxx, σyy and σxy can be
expressed in terms of two analytic functions φ(z) and
φ(z) of complex variable z = x+ iy as Ref. 5.
2μ(u+ iv) = κφ(z)− zφ′(z)− ψ(z),
X + iY = −i[φ(z) + zφ′(z) + ψ(z), (1)
σxx + σyy = 2[φ
′(z) + φ′(z)],
σyy − σxx + 2iσxy = 2[z¯φ′′(z) + ψ′(z)], (2)
where κ = 3− 4ν for plane strain, which is assumed in
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this investigation, κ = (3− 4ν)/(1+ ν) for plane stress;
μ and ν, where μ ≥ 0 and 0 ≤ ν ≤ 0.5, are the shear
modulus and Poisson’s ratio, respectively.
Here we consider a whole z-plane composed of N
phases: S1 : Im{z} > 0, Sj : − hj < Im{z} < −jj−1,
(j = 2, 3, . . . , N − 1) and SN : Im{z} < −hN−1,
where h1 = 0, 0 < h2 < h3 < · · · < hN−1. The N
phases S1, (j = 1, 2, . . . , N) have equal shear modulus
μ but diﬀerent Poisson’s ratios νj , (j = 1, 2, . . . , N).
In addition, an edge dislocation with Burgers vector
(bx, by) is located at z = iδ, (δ > 0) in the upper semi-
inﬁnite phase S1. Throughout this paper, subscript j
will be used to identify the associated quantities in Sj .
The continuity conditions of displacements and
tractions across (N−1) ﬂat interfaces y = −ihj , (j = 1,
2, . . . , N − 1) can be expressed in terms of the analytic
functions as
κjφj(z)− zφ′j(z)− ψj(z)
= κj+1φj+1(z)− zφ′j+1(z)− ψj+1(z), (3a)
φj(z) + zφ′j(z) + ψj(z)
= φj+1(z) + zφ′j+1(z) + ψj+1(z),
on y = −ihj , (j = 1, 2, . . . , N − 1). (3b)
Adding together the two equations in Eq. (3), we arrive
at
(κ+ 1)φj(z) = (κj+1 + 1)φj+1(z),
on y = −ihj , (j = 1, 2, . . . , N − 1), (4)
which implies that
φj(z) =
κ1 + 1
κj + 1
f(z), (j = 1, 2, . . . , N), (5)
where f(z) is the singular behavior of φ1(z), and is given
by
f(z) =
μ(bx + iby)
πi(κ1 + 1)
ln(z − iδ), (δ > 0). (6)
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Substituting Eq. (5) into Eq. (3b) we can arrive at the
following relationship
ψj(z) +
(κ1 + 1)(κj+1 − κj)
(κj + 1)(κj+1 + 1)
f(z¯ − ihj)
= ψj+1(z) +
(κ1 + 1)(κj − κj+1)
(κj + 1)(κj+1 + 1)
(z + 2ihj)f
′(z),
on y = −ihj , (j = 1, 2, . . . , N − 1). (7)
In view of the above expression, we then construct the
following analytic function ψ0(z).
ψ0(z) =ψ1(z)− g(z)+
N−1∑
m=1
(κ1 + 1)(κm+1 − κm)
(κm + 1)(κm+1 + 1)
f(z¯ − 2ihm)
=ψj(z)− g(z)+
N−1∑
m=j
(κ1 + 1)(κm+1 − κm)
(κm + 1)(κm+1 + 1)
f(z¯ − 2ihm)+
f ′(z)
j−1∑
m=1
(κ1 + 1)(κm − κm+1)
(κm + 1)(κm+1 + 1)
(z + 2ihm)
=ψN (z)− g(z)+
f ′(z)
N−1∑
m=1
(κ1 + 1)(κm − κm+1)
(κm + 1)(κm+1 + 1)
(z + 2ihm),
(j = 2, 3, · · · , N − 1) (8)
where g(z) is the singular behavior of ψ(z), and is given
by
g(z) =− μ(bx − iby)
πi(κ1 + 1)
lnπ(z − iδ)+
μ(bx + iby)
πi(κ1 + 1)
· iδ
z − iδ , (δ > 0). (9)
It is apparent that ψ0(z) is analytic and single-valued in
the whole z-plane including the point at inﬁnity. Thus
we have ψ0(z) ≡ 0. Consequently we arrive at the fol-
lowing closed-form expressions of ψj(z), (j = 1, 2, . . . ,
N)
ψ1(z) = g(z) +
N−1∑
m=1
(κ1 + 1)(κm − κm+1)
(κm + 1)(κm+1 + 1)
×
f(z¯ − 2ihm), (Im {z} > 0), (10)
ψj(z) = g(z) +
N−1∑
m=j
(κ1 + 1)(κm − κm+1)
(κm + 1)(κm+1 + 1)
×
f(z¯ − 2ihm)+
f ′(z)
j−1∑
m=1
(κ1 + 1)(κm+1 − κm)
(κm + 1)(κm+1 + 1)
×
(z + zihm),
(−hj < Im {z} < −hj−1, j = 2, 3, . . . , N − 1), (11)
ψN (z) = g(z) + f
′(z)
N−1∑
m=1
(κ1 + 1)(κm+1 − κm)
(κm + 1)(κm+1 + 1)
×
(z + 2ihm), (Im {z} < hN−1). (12)
Equations (5), (10)-(12) clearly indicate that the solu-
tion for the multilayered structure can be directly con-
structed from the known solution for an inﬁnite homo-
geneous plane.
By employing the Peach-Koehler formula,6 the im-
age force acting on the edge dislocation can be ﬁnally
derived as
Fy =
μ(b2x + b
2
y)
8π
N−1∑
m−1
νm+1 − νm
(δ + hm)(1− νm)(1− νm+1) ,
Fx = 0, (13)
which is in fact invariant with respect to the direction
of the Burgers vector (bx, by). As a check when ν2 =
ν3 = · · · = νN , the above expression becomes
Fy =
μ(ν2 − ν1)(b2x + b2y)
8πδ(1− ν1)(1− ν2) , (14)
which is just the classical solution for a two-phase struc-
ture under the assumption of equal shear modulus.7
In order to demonstrate the mobility of the edge
dislocation, we will discuss in detail three examples as
follows: (1) a three-phase structure (N = 3); (2) a four-
phase structure (N = 4); and (3) a graded interphase
layer.
In this case N = 3. It follows from Eq. (13) that
Fy =
μ(b2x + b
2
y)
8π
×
δ(ν3 − ν1)(1− ν2) + h2(ν2 − ν1)(1− ν3)
δ(δ + h2)(1− ν1)(1− ν2)(1− ν3) . (15)
The following facts can then be easily deduced from the
above expression:
(1) When ν1 > max{ν2, ν3}, the dislocation is always
attracted to the interface y = 0;
(2) When ν1 < min{ν2, ν3}, the dislocation is always
repelled from the interface y = 0;
(3) When ν2 > ν1 > ν3, there exists a stable equi-
librium position for the dislocation at
δ
h2
=
(ν1 − ν2)(1− ν3)
(ν3 − ν1)(1− ν2) ;
(4) When ν3 > ν1 > ν2, there exists an unstable
equilibrium position for the dislocation at
δ
h2
=
(ν1 − ν2)(1− ν3)
(ν3 − ν1)(1− ν2) .
When the dislocation is very close to the interface
y = 0, the force expression of Eq. (15) can be approxi-
mated as
Fy ≈
μ(ν2 − ν1)(b2x + b2y)
8πδ(1− ν1)(1− ν2) , as δ → 0, (16)
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which is independent of Poisson’s ratio ν3 of the lower
semi-inﬁnite plane.
On the other hand, if the dislocation is far from the
interface y = 0, force expression (15) can be approxi-
mated as
Fy ≈
μ(ν3 − ν1)(b2x + b2y)
8πδ(1− ν1)(1− ν3) , as δ → +∞, (17)
which is independent of Poisson’s ratio ν2 of the inter-
mediate interphase layer.
In this case N = 4. It follows from Eq. (13) that
Fy =
μ(ν3 − ν1)(b2x + b2y)
8πδ(1− ν1)(1− ν3)×⎡
⎢⎢⎢⎢⎢⎢⎣
δ2(ν4 − ν1)(1− ν2)(1− ν3)
+ h2h3(ν2 − ν1)(1− ν3)(1− ν4)
+ δ(h3 − h2)(ν3 − ν1)(1− ν2)(1− ν4)
+ δh2(ν4 − ν1)(1− ν2)(1− ν3)
+ δh2(ν2 − ν1)(1− ν3)(1− ν4)
⎤
⎥⎥⎥⎥⎥⎥⎦
[
δ(δ + h2)(δ + h3)(1− ν1)
×(1− ν2)(1− ν3)(1− ν4)
] . (18)
It can be deduced from Eq. (18) that if one of the
following two conditions is met (a) min{ν2, ν4} > ν1 >
ν3 and√
h3
h2
>
(1− ν3)
√
(ν2 − ν1)(ν4 − ν1)
(ν1 − ν3)
√
(1− ν2)(1− ν4)
+
(1− ν1)
√
(ν2 − ν3)(ν4 − ν3)
(ν1 − ν3)
√
(1− ν2)(1− ν4)
, (19)
or (b) max{ν2, ν4} < ν1 < ν3 and√
h3
h2
>
(1− ν3)
√
(ν2 − ν1)(ν4 − ν1)
(ν3 − ν1)
√
(1− ν2)(1− ν4)
+
(1− ν1)
√
(ν2 − ν3)(ν4 − ν3)
(ν3 − ν1)
√
(1− ν2)(1− ν4)
, (20)
then there exist two equilibrium positions along the pos-
itive y-axis. Furthermore the equilibrium position at
δ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h3(ν1 − ν3)(1− ν2)(1− ν4)
− h2(ν4 − ν3)(1− ν1)(1− ν2)
− h2(ν2 − ν1)(1− ν3)(1− ν4)
−
√√√√√√√√√√√√√√
{h3(ν1 − ν3)(1− ν2)(1− ν4)
− h2[(ν4 − ν3)(1− ν1)(1− ν2)
+ (ν2 − ν1)(1− ν3)(1− ν4)]}2
− 4h2h3(ν2 − ν1)(ν4 − ν1)×
(1− ν2)(1− ν3)2(1− ν4)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
×
[2(ν4 − ν1)(1− ν2)(1− ν3)]−1, (21)
Fig. 1. The variation of the image force ˜Fy =
8πh3Fy
μ(b2x + b2y)
along the positive y-axis for three diﬀerent values of h2/h3
with ν2 = ν4 = 1/2, ν1 = 1/3, ν3 = 1/4. Two equilibrium
positions for the dislocation are observed when h2 < h2c =
0.0204h3.
is stable, whilst the other equilibrium position at
δ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h3(ν1 − ν3)(1− ν2)(1− ν4)
− h2(ν4 − ν3)(1− ν1)(1− ν2)
− h2(ν2 − ν1)(1− ν3)(1− ν4)
+
√√√√√√√√√√√√√√
{h3(ν1 − ν3)(1− ν2)(1− ν4)
− h2[(ν4 − ν3)(1− ν1)(1− ν2)
+ (ν2 − ν1)(1− ν3)(1− ν4)]}2
− 4h2h3(ν2 − ν1)(ν4 − ν1)×
(1− ν2)(1− ν3)2(1− ν4)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
×
[2(ν4 − ν1)(1− ν2)(1− ν3)]−1, (22)
is unstable. When condition (a) is met, the stable one
is closer to the interface y = 0 whilst the unstable one is
further away from the interface y = 0. When condition
(b) is met, the unstable one is closer to the interface y =
0 whilst the stable one is further away from the interface
y = 0. The above behaviors for the dislocation are
clearly illustrated in Figs. 1 and 2. Furthermore if h3 	
h2, the two equilibrium positions can be approximated
as
δ
h3
≈ (ν1 − ν3)(1− ν4)
(ν4 − ν1)(1− ν3) ,
δ
h2
≈ (ν1 − ν2)(1− ν3)
(ν3 − ν1)(1− ν2) ,
(23)
We further expect that it is possible to ﬁnd at most
(N − 2) equilibrium positions along the positive y-axis
for anN -phase structure. For example we show in Fig. 3
the variation of the image force on a dislocation in a
ﬁve-phase structure with ν1 = 1/3, ν2 = ν4 = 1/4,
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Fig. 2. The variation of the image force ˜Fy =
8πh3Fy
μ(b2x + b2y)
along the positive y-axis for three diﬀerent values of h2/h3
with ν2 = ν4 = 1/4, ν1 = 1/3, ν3 = 1/2. Two equilibrium
positions for the dislocation are observed when h2 < h2c =
0.36h3.
Fig. 3. The variation of the image force ˜Fy =
8πh4Fy
μ(b2x + b2y)
along the positive y-axis on a dislocation in a ﬁve-phase
structure with ν1 = 1/3, ν2 = ν4 = 1/4, ν3 = ν5 = 1/2 and
h2 : h3 : h4 = 1 : 3 : 100.
ν3 = ν5 = 1/2 and h2 : h3 : h4 = 1 : 3 : 100. It is ob-
served that there exist three equilibrium positions: two
unstable ones at δ = 0.008 8h4, 0.201 5h4 and a stable
one at δ = 0.056 4h4. The obtained result can also be
conveniently applied to graded materials in which the
Poisson’s ratio varies smoothly along the y-axis. Here
we consider the situation in which the Poisson’s ratio of
the intermediate graded interphase layer is such a linear
function of coordinate y that
ν(y) = ν1 + (ν1 − νN ) y
H
, (−H < y < 0), (24)
where H is the thickness of the interphase layer and νN
is the Poisson’s ratio of the lower semi-inﬁnite phase.
In this case it can be ﬁnally deduced from Eq. (13) that
Fy =
μ(νN − ν1)(b2x + b2y)
8π[δ(νN − ν1) +H(1− ν1)]×[
νN − ν1
(1− ν1)(1− νN ) +
H
δ(νN − ν1) +H(1− ν1)×
ln
(δ +H)(1− ν1)
δ(1− νN )
]
. (25)
When the dislocation is very close to the interface y = 0,
the force expression of Eq. (25) can be approximated as
Fy ≈
μ(ν1 − νN )(b2x + b2y)
8πH(1− ν1)2 ln δ, as δ → 0
+, (26)
which indicates that the force still exhibits a weaker
logarithmic singularity near the interface y = 0 even
when the Poisson’s ratio is continuous across y = 0. In
order to remove the singularity for the image force at
the interface, we have to use the Peierls model of the
dislocation8 or resort to strain gradient elasticity.9
On the other hand, if the dislocation is far from the
interface y = 0, force expression (25) can be approxi-
mated as
Fy ≈
μ(νN − ν1)(b2x + b2y)
8πδ(1− ν1)(1− νN ) , as δ → +∞. (27)
An elementary-form solution for a multilayered lam-
inate subjected to an edge. An elementary-form solu-
tion for a multilayered laminate subjected to an edge
dislocation located in the upper semi-inﬁnite phase S1
has been given by Eqs. (5) and (10)-(12). We further
used the obtained solution to investigate the mobility
of the edge dislocation in the layered structure. Our
discussions indicated that it is possible to ﬁnd at most
(N − 2) equilibrium positions along the positive y-axis
for an N -phase structure once the Poisson’s ratios and
the thicknesses of the phases are judiciously chosen.
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